Abstract-We present a new reference solution for charged particle motion in a strongly inhomogeneous magnetostatic field. The solution describes both bound and unbound particle motion, which can be split into three regimes, the deflection, loopdeflection, and drift regime. We calculate the trajectory in terms of trigonometric and hyperbolic functions, resulting in simple analytical expressions for the particle position and ∇ B-drift velocity. This reference solution is useful to verify and compare the performance of kinetic and guiding-center charged particle pushers in inhomogeneous fields by verifying the conservation of two constants of motion, as well as the exact trajectory at any time.
I. INTRODUCTION

C
OMPUTING the motion of charged particles is commonplace in research into fusion and industrial plasmas, beam and accelerator physics, molecular dynamics, and astrophysics. Different approaches can be taken to numerically integrate the equation of motion, depending on the nature of the fields and trajectories. Guiding-center methods, which treat the particle as a ring of current, can be very efficient in strongly magnetized plasmas. In other cases, the full trajectory can be computed using either implicit or explicit method.
The most common integration method is the Boris-Buneman leapfrog method [1] - [3] , which has the advantages of being explicit, second-order, and energyconserving. Recently, many new integration methods have been proposed, such as those based on splitting schemes [4] , generating functions [5] , or spectral deferred corrections [6] . These new methods are generally high-order and energyconserving. Manuscript The performance of these so-called pushers or movers varies widely, depending on the fields and particle paths. For instance, Runge-Kutta methods are known to have poor energy conservation properties, and some splitting methods are known to perform poorly in inhomogeneous fields [4] . To assess the performance of particle pushers, they are often benchmarked using several different fields, for which the exact trajectory is known analytically. Currently, the most common test cases found in the literature are a simple uniform magnetic field [7] - [10] and the Penning Trap [4] , [6] , [11] , [12] . However, these, both, have a uniform magnetic field, so the performance of pushers with respect to magnetic field gradients and associated drifts is not tested thoroughly. Only few closed-form analytical solutions of the equation of motion for a charged particle in nonuniform magnetic fields are known. For the case of a unidirectional magnetostatic field, the path of a particle can be found but generally not in closed form. Elementary analytic results have been documented only for a few simple cases [13] .
We propose a magnetic field tailor-made for testing the performance of pushers in inhomogeneous fields with B = B 0 e x/ lẑ , where l is the gradient length. This magnetostatic field is inhomogeneous, simple, and allows for an exact solution in closed form for the trajectories for arbitrary values of the gradient length l, making it ideal for benchmarking particle pushers. This field has been used before, however, without an exact solution [14] . Although inhomogeneous fields have been proposed and used before in testing particle pushers [4] , [7] , [10] , [15] , [16] , we believe that this field is the only one with a simple analytical solution for the particle positions and its ∇B drift at any time and for arbitrary strength of the inhomogeneity.
II. SOLUTION OF THE EQUATION OF MOTION
Consider a particle with charge q and mass m, moving in the x y-plane of a Cartesian coordinate system and under the influence of a magnetostatic field in the z-direction with strength
There is no electric field. Since the kinetic energy of the particle cannot be altered by the magnetic field, we can write the velocity vector as using polar coordinates in velocity space. Since v ⊥ is a constant, the particle's velocity is uniquely described by θ(t). We now introduce dimensionless quantities for these variables according tõ
and drop the tildes immediately. We, thus, havė
where the dot indicates a time-derivative. The time-evolution of the velocity is determined by the Lorentz force F = qv ×B, which reduces tov
The dimensionless parameter α is given by
which is the ratio of the gradient length l of the magnetic field and the gyroradius r g = mv ⊥ /(q B 0 ). Writing out the componentsẍ andÿ of (4) hints at an equation of motion forθẍ
which is given byθ
To solve (8), we can multiply both sides with cos θ =ẋ
This can be integrated from 0 to t and simplified with (8) sin θ − sin θ 0 =θ −θ 0 .
We can further simplify and rearrange to obtaiṅ
where the constant p =ẏ + αe x = sin(θ 0 ) −θ 0 is the dimensionless y-component of the generalized momentum, 1 θ 0 = θ(t = 0) andθ 0 denotes the time-derivative of θ at t = 0. We can define an effective potential for the motion in the
which we can derive fromẋ = cos θ and (8)
Integrating this to x to obtain V is straightforward, leading to
choosing the additive constant to be zero. Multiplying (12) withẋ and integrating over time leads to an expression for conservation of energy The topology of the trajectories can now be evaluated from the effective potential V (x). There are three different regimes, depending on the value of p and the sign of α. 2 If −1 < p ≤ 0, the particle is in the deflection regime (I). The particle will approach a region of higher magnetic fields and is then being deflected. For 0 < p ≤ 1, the particle is in the loop-deflection regime (II). Again, the particle is moving toward the highfield region and then being deflected making a single loop. If p > 1, the particle is in the drift or gyration regime (III). The special case p = −1 describes motion along the y-axis with θ = − π 2 . If p = 0, the motion resembles the ⊃ symbol with θ decreasing from 0 to −π. p = 1 is the transition point between loop-deflection and gyration, where the particle makes a single loop, starting at θ = π/2 and ending at θ = −3π/2. Fig. 1 shows the effective potential V (x) in each of the regimes. The location of the turning points x i = ln( p i ± 1) (i = 1, 2, 3), where V (x) = E = 1/2, is also indicated.
To quantitatively describe the particle trajectories, we need to solve for θ = θ(t), x = x(t), and y = y(t). We can integrate the equation of motion, (11), for θ
Without the loss of generality, we choose the initial position of the particle to be given by x(t = 0) = ln( p + 1), which corresponds to the location of the turning point and y(t = 0) = 0. Then, θ 0 = ±(π/2). We will take θ 0 = −(π/2) in what follows. The integrals in (16) can be evaluated to obtain t = t (θ ), which may then be inverted to yield Fig. 2 . Paths of a charged particle in the deflection (I, p = −0.6), loop-deflection (II, p = 0.9), and drift regimes (III, p = 2). Indicated in the figure are
for −1 ≤ p < 1 and
for p > 1. Here, γ = |p 2 − 1| 1/2 , and x indicates the integer closest to x. The second term of the right-hand side of (18) is needed to select from the multiple solutions of t = t (θ ), whenever p ≥ 1. The x-trajectory can be found from (8) and (11)
whereas the y-trajectory can be found by integration ofẏ = p − αe x = p +θ(t)
Fig. 2 shows example particle trajectories in each of the three regimes.
The magnetic field gradient drift velocity in regime III is given by
where ẏ denotes the time-averaged velocity in the y-direction. In the limit of p 1 (and, thus, p ≈ α), we can expand to first order
which reduces to the well-known drift expression for small magnetic field gradients [17, p. 74 ]
where B = |B| andê y is the unit vector in the y-direction. 
III. VERIFICATION
To show an example application and test the correctness of the solution, we trace a set of protons with mass m = 1.67262158 · 10 −27 kg with the Boris-Buneman method [1] - [3] with time step t = 2 ns. The magnetic field has a strength of B 0 = 1 T and a gradient length l = 0.2 mm. Cases studied are the same as in Fig. 2, i.e., p = −0.6, p = 0.9, and p = 2. Particles are initialized at (x(t 0 ), y(t 0 )) with t 0 = −30, −40, −91 ns, where x(t) and y(t) are given by (19) and (20), respectively. The particle paths are then followed until t 1 = 30, 40, 91 ns, respectively. Fig. 3 shows a comparison between the exact particle trajectories and a numerical calculation. The final error in the numerical trajectory calculation, = |x num (t 1 ) − x(t 1 )| 2 , scales with the time-step size and is shown in Fig. 4 .
IV. CONCLUSION
We present a new and simple solution for the trajectories of a charged particle in an exponentially varying, inhomogeneous magnetostatic field having a constant relative field gradient of arbitrary magnitude. Three regimes are identified, depending on the value of the conserved component of the generalized momentum. These are the so-called deflection, loop-deflection, and drift regimes. The drift velocity in the last regime reduces to the standard expression in the limit of small field gradients. Closed-form analytical solutions are presented for the motion of the particle in each of these regimes and compared against numerical calculations. This magnetic field is well-suited for testing particle pushers, even in strongly inhomogeneous fields. The performance of kinetic and guiding-center methods can be evaluated through comparison with the presented analytical expressions for the particle trajectory, drift velocity, and conserved quantities.
